218        IX   ANALYTIC FUNCTIONS
We will say that a path 7, defined in I = [a, b] c R, is a road, if y is a
primitive of a regulated function (8.7.2); if in addition y(a) = y(b) we will
say that 7 is a circuit. It is clear that the opposite of a road is a road, and
so is the juxtaposition of two roads. Let y, y1 be two roads, defined in the
intervals I, IA respectively. We say that y and yt are equivalent if there is
a bijection (p of I onto Il5 such that <p and <p~* are primitives of regulated
functions, and that y = yx ° <p (hence 7i = 7°<p~1); it is immediate (by
(8.4.1)) that this is indeed an equivalence relation between roads.
If the road y is defined in I = [a, b], there is a road yi equivalent to y
and defined in any other interval J = [c, d\ for there is a linear bijection
t -> <p(t) = at + /? of J onto I, and y1 =y o (p has the required properties.
Let 7 be a road, defined in I = [a, b]9 and let/be a continuous mapping
of the compact set 7(1) into a complex Banach space E; the function
t -»*/(y(0) *s ^en continuous i*1 I> hence f -»/(y(0)/(0 is a regulated func-
tion; the integral f f(y(t))y\t) dt is called the integral of f along the road 7
Ja
and written f/(z) dz; from (8.7.4) it follows at once that if yl is a road
equivalent to 7, then |  f(z) dz = f /(z) <fz. Moreover, from the definition, it
J yi	J y
follows immediately that
(9.6.1)	f '/(z) dz = - f /(z) rfz
Jy°	Jy
(9-6.2)	f      /(Z) <fe = [ f(z) dz + ! f(z) dz
Jyivy2	J yi	Jy2
when the juxtaposition 7A v 72 is defined.
Let 7 be a circuit, defined in I = [a, b]; for any eel, consider the
mapping y± of 3 = [c, c + b — a] defined as follows: 71(0 = 7(0 if
c ^ t ^ b, 7i(t) = y(t — b + a) if 6 < t < c + b — a. It is immediately verified
that }>! is a circuit such that 7X(J) = 7(1), and that f f(z) dz—\ /(z) dz for
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any continuous mapping of 7(1) into E. In other words, the integral of/
along a circuit does not depend on the origin of the circuit.
Let 70, 7X be two paths defined in the same interval I, and let A be an
open set in C such that 70(I) c: A and y^l) c= A. A homotopy of y0 into yl
in A is a continuous mapping <p of I x [a, /?] (a < /? in R) into A such that
(p(t, a) = y0(t) and cp(t, /?) = y^t) in I; y± is said to be homotopic to y0 in A
if there is a homotopy of 70 into yl in A. It is clear that for any f e [a, jj],
/•-* <?)(^, £) is a path in A. When both yQ and yi are /oop.y, we say that cp
is a /oo/> homotopy of 70 into 7t in A if t -> (p(/, Q is a /oo/? for any £ e [a, /?];
when we say that two loops 70, yx are homotopic in A, we mean that there
is a loop homotopy (and not merely a homotopy) of 70 into 7t in A.

